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Abstract test. For example, as pointed out in [14], a trained expert,
e.g., a wine taster, can maintain a consistent mapping from
Lists of ordered objects are widely used as representa- his/her sensation level to rating score throughout a given
tional forms. Such ordered objects include Web search re-session. However, users’ mappings generally change for
sults or best-seller lists. Clustering is a useful data anal- each response, especially if the intervals between responses
ysis technique for grouping mutually similar objects. To are long. Hence, even if two respondents rate the same item
cluster orders, hierarchical clustering methods have been at the same score, their true degrees of sensation may not be
used together with dissimilarities defined between pairs of the same. When effects of such demerits cannot be ignored,
orders. However, hierarchical clustering methods cannot be a ranking method is used. In this method, respondents show
applied to large-scale data due to their computational cost their degree of sensation by orders, i.e., object sequences
in terms of the number of orders. To avoid this problem, according to the degree of a target sensation. In this case,
we developed ah-0'means algorithm. This algorithm suc- respondents’ sensation patterns are represented by orders,
cessfully extracted grouping structures in orders, and was and analysis techniques for orders are required.
computationally efficient with respect to the number of or-  Orders are also useful when the absolute level of obser-
ders. However, it was not efficient in cases where there areyations cannot be calibrated. For example, when analyzing
too many possible objects yet. We therefore propose a newhNA microarray data, in order that the same fluoresce level
method -o0'means-EBC), grounded on a theory of order represents the same level of gene expression, experimen-
statistics. We further propose several techniques to analyzera| conditions must be calibrated. However, DNA databases
acquired clusters of orders. may consist of data sampled under various conditions. Even
in such cases, the higher level of fluoresce surely corre-
sponds to the higher level of gene expression. Therefore,
1 Introduction by treating the values in the microarray data as ordinal val-
ues, non-calibrated data would be processed. Fujibuchi et
The termorder indicates a sequence of objects sorted &- @dopted such use of orders in searching a gene expres-
according to some property. Such orders are widely usedSion database for similar cell types [7].
as representational forms. For example, the responses from And clustering is the task of partitioning a sample set
Web search engines are lists of pages sorted according tdnto clusters having the properties of internal cohesion and
their relevance to queries. Best-seller lists, which are item- €xternal isolation [5]. This method is a basic tool for ex-
sequence sorted according to sales volume, are used oﬁloratory data analysis. Clustering methods for orders are
many E-commerce sites. useful for revealing the group structure of data represented
Orders have also been exploited for sensory test of hu-by orders such as those described above.
man respondents’ sensations, impressions, or preference. To cluster a set of orders, classical clustering has been
For such a kind of surveys, it is typical to adopt an Se- mainly used [16, chapter 2]. In these studies, clustering
mantic Differential (SD) method [19]. In this method, a methods were applied to ordinal data of a social survey,
respondents’ sensation is measured using a scale on whickensory test, etc. These data sets have been small in size;
extremes are represented by antonymous words. One exthe number of objects to be sorted and the length of or-
ample is a five-point-scale on whidhand5 indicatedon’t ders are at most ten, and the number of orders to be clus-
preferandprefer, respectively. If one very much prefers an tered are at most thousands. This is because an SD method
apple, he/she rates the applesasThough this SD method has been used to acquire responses for a large-scale sur-
is widely used, it is not the best way for all types of sensory vey. Responses can easily be collected by requesting for re-
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spondents to mark on rating scales that are printed on papebut that “The object is uniquely indexed bhyin X*.” The
guestionnaire forms. On the other hand, using printed ques-order z1 >z represents #; precedest,.” An object set
tionnaire forms is not appropriate for ranking method, be- X (O;) or simply X; is composed of all objects in the or-
cause respondents must rewrite entire response orders whetter O;. The length ofO;, i.e., | X;|, is shortly denoted by
they want to correct them. Therefore, in a ranking method, L;. An order of all objects, i.e.Q; s.t. X(0;)=X*, is
respondents generally reply by sorting real objects. For ex-called a complete order; otherwise, the order is incomplete.
ample, respondents are requested to sort glasses of wine adRank,r(O;, z;) or simplyr;;, is the cardinal number that
cording to their preference. However, it would be costly indicates the position of the objeg} in the orderO;. For
to prepare so many glasses. Due to this reason, rankingexample, forO;=xz1>x3>x2, 7(O;, z2) OF 145 IS 3. Two
method has been used for a small-scale survey, even if itsorders,0; andO,, are concordant if ordinal relations are
advantage to an SD method is known as described aboveconsistent between any object pairs commonly contained in
But now, adoption of computer interface clear this obstacle these two orders; otherwise, they are discordant. Formally,
in using a ranking method. Respondents can sort virtual ob-for two orders,0; andO-, consider an object pait, and
jects instead of real objects. Further, methods to implicitly x; such thatz,, z,€ X1NX5, z,#x,. We say that the or-
collect preference orders have proposed [2, 9]. These techdersO; andO, are concordant w.r.tz, andz; if the two
nical progress has made it easier to collect the large numbenobjects are placed in the same order, (., — r15)(r24 —
of ordinal data. rop) > 0; otherwise, they are discordant. Furth@s, and
We can now collect a large-scale data that consist of or-O, are concordant iD; and O, are concordant w.r.t. all
ders. However, current techniques for clustering orders areobject pairs such that,, z,€ X1N X5, z,#Tp.
not fully scalable. For example, to cluster a set of orders, A pair setPair(O;) is composed of all the object pairs
dissimilarities are first calculated for all pairs of orders, z,>-z;, such that, precedes, in the orderQ;. For ex-
and agglomerative hierarchical clustering techniques are apample, from the orde®), =xz3>x->z1, three object pairs,
plied. This approach is computationally inefficient, because z5>x5, 23>, andz,>x;, are extracted. For a set of or-
computational cost of agglomerative hierarchical clustering dersS, thePair(S) is composed of all pairs iRair(0O;) of
is O(N?1log(N))) under non-Euclidean metric [18], where O; € S. Note that if the same object pairs are contained
N is the number of orders to be clustered. To alleviate in numbers ofair(0O;), these pairs are multiply added into
this inefficiency in terms ofV, we proposed &-means- the Pair(S). For example, if the same object pairs-z-
type algorithmk-o’meansin our previous work [11]. The  are extracted fron®s andOy in S, both two ordered pairs
computational complexity was reduced®dN ) in terms of x1>x2 are multiply included irPair(.9).
the number of orders. Though this method successfully ex-  The task of clustering orders is as follows. A set of
tracted a grouping structure in a set of orders, it was not effi- sample ordersS = {0;,0,,...,0x}, N = |S], is

cient yet, if the number of possible objects to be sorted wasgiven. Note that sample orders may be incomplete, i.e.,
large. In this paper, to alleviate this inefficiency, we pro- Xi#X;, i # j. In addition,0; andO; can be discordant.
pose a new method-o'means-EBC. Note that EBC means The aim of clustering is to divide thg into a partition. The
Expected Borda Count which is a classic method to find  partition, = = {C1,Cs,...,Cx}, K = |x|, is a set of all

an order so as to be as concordant as possible with a give|usters. Clusters are mutually disjoint and exhaustive, i.e.,
set of orders. And incompleteness in orders are processed, NC; = 0, Vk, 1,k # landS = C; UC,U- - -UCk. Par-
based on a theory of order statistics. Additionally, we pro- titions are generated such that orders in the same cluster are

pose several methods for interpreting the clusters of orderssimilar (internal cohesion), and those in different clusters
We formalize this clustering task in Section 2. Our previ- are dissimilar (external isolation).

ous and new clustering methods are presented in Section 3.
The experimental results are shown in Sections 4 and 5.

) . . 2.1 Similarity Between Two Orders
Section 6 summarizes our conclusions.

Clusters are defined as a collection safmilar orders;
thus, the similarity measures between two orders are re-
quired.Spearman’s [13, 16] is one such measure, signify-
In this section, we formalize the task of clustering or- ing the correlation between ranks of objects. FhEetween

ders. We start by defining our basic notations regarding wyo orders 0, andOs, consisting of the same objects (i.e.,
orders. An object, entity, or substance to be sorted is de-x = x(0,) = X(0,)) is defined as:

noted byz;. The universal object sef*, consists of all
possible objects, and* is defined agX*|. The order is S wex (rij — 1) (raj — 72)
denoted byO = z,>~--->x;>--->x,. Note that sub- p= . = =
script j of 2 doesn’t mean “The-th object in this order,” \/szex (r1;—71) \/ijex (raj—72)

2 Clustering Orders




wherer; = (1/L) 3", < rij» L=|X]. If notieinrankis  Since the range op is [-1,1], this dissimilarity ranges

allowed, this can be calculated by the simple formula: [0,2]. This dissimilarity becomes if the two orders are
9 concordant.
1 STaex(ny ) "
Li-L 3 Methods

The p becomed if the two orders are concordant, ard
if one order is the reverse of the other order. Observing
Equation (1), this similarity depends only on the term

ds(01,05) = P — 1)t 2)
501, 0) IJXG:X( 15~ 725) 3.1 Hierarchical Clustering Methods

Here, we describe exiting clustering methods and our
new clustering method.

This is calledSpearman’s distance If two or more objects
are tied, we give the sanmaidrankto these objects [16].
For example, consider an ordey>-z,~z3 (“~" denotes a
tie in rank), in whichz, andx3 are ranked at the 2nd or 3rd
positions. In this case, the midragls is assigned to both
objects.

Another widely used measure of the similarity of orders
is Kendall's 7. Intuitively, this is defined as the number
of concordant object pairs subtracted by that of discordant
pairs, and then it is normalized. Formally, Kendalt'dss

In the literature of psychometrics, questionnaire data ob-
tained by a ranking method have been processed by tradi-
tional clustering techniques [16]. First, for all pairs of or-
ders inS, the dissimilarities in Section 2.1 are calculated,
and a dissimilarity matrix forS' is obtained. Next, this
matrix can be clustered by standard hierarchical clustering
methods, such as the group average method. In these survey
researches, the size of the processed data set is rather small
(N < 1000, L* < 10, L; < 10). Therefore, hierarchi-
cal clustering methods could cluster order sets, even though

defined as the time complexity of these methodsi§ N2 log(N)) un-
= m Z sgn ((r1a—715) (r2a—72)),  (3) der non-Euclidean metric [18] and is costly. However, these
o=z EPAINO1) method cannot be applied to a large-scale data, due to their
) . . . . computational cost.
wheresgn(z) is a sign function that takes if >0, 0 if Additionally, when the number of objects?, is large, it

2=0, and —1 otherwise. Many other types of similarities s hard for respondents to sort all objects¥r. Therefore,
between orders have been proposed (see [16, chapter 2]sample orders are generally incomplete, DE(0;) C X*,
but the above two are widely used and have been well studhe gissimilarities cannot be calculated because the dissim-
ied. . ' ilarity measures are defined between two orders consisting
In this paper, we adopt Spearmarys rather than  f the same objects. One way to deal with incomplete or-
Kendall's 7 because of the following reasons: First, these yers is to introduce the notion of ancomplete Order Set
tv_vo_mt_a_asures have similar properties. Both measures Of(IOS)l [16], which is defined as a set of all possible com-
similarities between two random orders asymptotically fol- plete orders that are concordant with the given incomplete

low normal distribution as the length of the orders grows. order. Given the incomplete ordér that consists of the
Additionally, these are highly correlated, because the dif- gpject setx, an 10S is defined as

ference between the two measures is bounded by Daniels’
inequality [13]: ios(0) = {OF|O; is concordant withD, X (0F) = X*}.
-1< 3(§_+22)7’ - Q(LL:F;),O <1 This idea is not fit for large-scale data sets because the size
of the setis(L*!/L!), which grows exponentially in accor-
Second, Spearmaryscan be calculated more quickly. All  dance withL*. Additionally, there are some difficulties in
of the object pairs have to be checked to derive Kendall's  defining the distances between the two sets of orders. One
soO(L?) time is required. In the case of Spearman’she possible definition is to adopt the arithmetic mean of the dis-
most time consuming task is sorting objects to decide their tances between orders in each of the two sets. However, this
ranks; thus, the time complexity 3(L log L). Further, the is not distance becauskios,, ios,) may not be). There-
central orders under Spearman distance is tractable, but théore, more complicated distance, i.e., Hausdorff distance,
derivation under Kendall's distance is NP-hard [4]. has to be adopted.
For the clustering task, distance or dissimilarity is more  Since the above 10S cannot be derived for a large-scale

useful than similarity. We defined a dissimilarity between data set, we adopted the following heuristics in this paper.
two orders based om

1In [16], this notion is referred by the terimcomplete rankingbut we
d,(01,02) =1 — p(01,03). 4) have adopted 10S to insist that this is a set of orders.



Algorithm k-o'means(S, K, maxIter)
S ={04,...,0n}: asetof orders
K the number of clusters

maxIter: the limit of iteration times

1) S is randomly partitioned into a set of clusters:

™= {Cl,...,CK},
' =m t:=0.
Dt:=t+1,
if t > maxIter goto step 6.
3) for each clusterCy, € m,
derive the corresponding central ordey.
4) for each orderO; in S,
assign it to the clustetirg ming, d(Oy, O;).
5) if = ' then goto step 6;
else n’ := 7, goto step 2.
6) output 7.

Figure 1. k-o’'means algorithm

repeated until no changes in the cluster assignment is de-
tected or the pre-defined iteration time is reached. However,
different notions of dissimilarity and cluster centers have
been used to handle orders. For the dissimilafity;,, O;),
equation (4) was used in step 4. As a cluster center in step 3,
we used the following notion of @entral order[16]. Given

a set of orderg’;, and a dissimilarity measure between or-
dersd(O,, Oy), a central order),, is defined as the order
that minimizes the sum of dissimilarities:

Oy = argmin > d(0,0). (5)
0,eCy

Note that the orde®;, consists of all the objects i\, i.e.,

X, = Uo,ec, X (0;). The dissimilarityd(Oy,, O;) is cal-
culated over common objects as in Section 3.1. However,
becauseX; C X (Oy), the dissimilarity can always be cal-
culated overX;. Unfortunately, the optimal central order
is not tractable except for a special cases. For example, if
using a Kendall distance, the derivation of central orders is
NP-hard even if all sample orders are complete [4].

In such cases, the dissimilarity between the orders is deter- 1 herefore, many approximation methpds_haYe been de-
mined based on the the objects included in both. Take, forVeloped. However, to use as a sub-routine kr@means

example, the following two orders:

O1 =x1-x3-24>%g, O =T5-T4-T3-T2>Xg.

algorithm, the following two constraints must be satisfied.
First, the method must deal with incomplete orders that con-
sist of objects randomly sampled fraii*. In [6], they pro-
posed a method to derive a central order offtdigts, which

From these orders, all objects that are not included in bothgre special kinds of incomplete orders. Tolist is an order

orders are eliminated. The generated orders become:

Oll = XT3>T4>Tg, Oé = TyT3>Tg-
The ranks of objects in these orders are:

r(0}, x3)=1, r(0O}, x4)=2, r(O}, x¢)=3;
T(O% '1:3):2’ T(O/27 $4):1, T(O/27 1‘6):3

Consequently, the Spearmap'decomes

6((1-2)? + (2—1)2 + (3—-3)?)

33 -3

If no common objects exists between the two orders, 0

(i.e., no correlation).

3.2 k-o’'means-TMSE

(Thurstone Minimum Square Error)

In [11], we proposed &-o0'means algorithm as a clus-

that consists of the most preferrkabjects, and the objects
that are not among the tdplist are implicitly ranked lower
than these: objects. That is to say, the tdpobjects of

a hidden complete order are observed. In our case, objects
are randomly sampled, and such a restriction is not allowed.
Second, the method should be executed without using iter-
ative optimization techniques. Since central orders are de-
rived K times in each loop of the-o’'means algorithm, the
derivation method of central orders would seriously affect
efficiency if it adopts the iterative optimization.

To our knowledge, the method satisfying these two con-
straints is the following one to derive the minimum square
error solution under a generative model of Thurstone’s
law of comparative judgment [20]. Because we used this
method to derive central orders, we call this clustering
algorithm by thek-o’means-TMSE (Thurstone Minimum
Square Error) algorithm. We describe this method for de-
riving central orders. First, the probabiliBr|z, > z;] is
estimated. The pair set @fair(C}) in Section 2 is gen-

tering method designed to process orders. To differentiate®rat€d fromCy in step 3 ofk-o'means-TMSE. Next,. we
our new algorithm described in detail later, we call it by a C@lculate the probabilities for every pair of objectsip

k-o’means-TMSEalgorithm.

A k-o’'means-TMSE in Figure 1 is similar to the well-
known k-means algorithm [8]. Specifically, an initial clus-

|zq > xp| + 0.5
P - = 1)
tfwa = ) |xa = xp| + |xp = zo| + 1

ter is refined by the iterative process of estimating new clus-where|z, > x;| is the number of the object pairs, > s,
ter centers and the re-assigning of samples. This process ig the Pair(C},). These probabilities are applied to a model



of Thurstone’s law of comparative judgment. This model 3.3 k-o’means-EBC

assumes that scores are assigned to each ohjeahd an (Expected Borda Count)
order is derived by sorting according to these scores. Scores
follow a normal distribution; i.e.N (u;, o), wherey; is the To improve efficiency in computation time and memory

mean score of the objeat, ando is a common constant  requirement, though we used theo'means framework in
standard deviation. Based on this model, the probability Figure 1 and the dissimilarity measutgof equation (4) in

that objectz® precedes the? is step 4 of Figure 1, we employed other types of derivation
procedures for the central orders.
r[z® H,« / ¢ ““ / ¢ d dt Below, we describe this derivation method for a central
orderO;, of a clusterC}, in step 3 of Figure 1. We call this
_ (p(/tu - m,) ©) the Expected Borda Coun{EBC) method, and our new
V20 clustering method is called ko’means-EBC algorithm.

. o . ) The Borda Count method is used to derive central orders
where¢(-) is a normal distribution density function, and  ¢om complete orders; we modified this so as to make it ap-
®(-) is a normal cumulative distribution function. Under plicable to incomplete orders. The Borda Count method [3]

the_ mipimu_m square error crite_rion of this_ model _[1/1], was originally developed for determining the order of can-
wh|ph is a linearly transformed image pf, is analytically didates in an election from a set of ranking votes. A set of
dervedas complete orders(, is given. First, for each objeat; in
Z &~ (Prla; > a]), ) X*, the vote count is calculated:
TGXC vote(x;) = Z (L* —ry +1).

whereX¢, = Up,cc, Xi- The value ofy; is derived for O:€Ck

each object inX¢, . Finally, the central ordep,, can be de-  Then, a central order is derived by sorting objectss X*
rived by sorting according to the correspondirjgBecause  in descending order ofote(z;). Clearly, this method is
the resultant partition by-o’'means-TMSE is dependent on  equivalent to sorting the objects in ascending order of the
the initial cluster, this algorithm is run multiple times, ran- following mean ranks:

domly changing the initial cluster; then, the partition mini-

mizing the following total error is selected: Fj = |Ck Z Tij- (9)
0;eCy
> 2. d0:i0). (®)
Crem 0,€Ck If all sample orders are complete and Spearman’s distance

This k-0’'means-TMSE could successfully find the cluster Is used, it is known tha.lt the ce_nt.ra! order derllved by the
: ; .~ above Borda Count optimally minimizes Equation (5) [16,
structure in a set of incomplete orders due to the following theorem 2.2]

reason: Because the dissimilarity in Section 3.1 was mea- 4
. S Because all sample orders are complete, Spearman’s dis-
sured between two orders, the precision of the dissimilar- . . . .
tance is proportional to the distanég. Therefore, even in

ities was unstable. On the other hand, in the casg-of
the case thad, is used as dissimilarity, the optimal central
o'means-TMSE, central orders are calculated based on the
order can be denved by this Borda Count method. This op-
|C| orders. |Cy| is generally much larger than two, and

: o . ) timal central order can also be considered as a maximum
much more information is available; thus, the central order

likelihood estimator of the Mallows- model [15]. The

can be stably calculated. The dissimilarity between the cen-
allows-9 model is a distribution model of the complete
tral orders and each sample order can be stably measurec!vI
. . . OrderO, and is defined as
too, because all of objects in a sample order always exist in
Fhe corresponding central order a_nd so the full information Pr[0; Oy, 0] o exp(Ads (O, 0)), (10)
in the sample orders can be considered.
However, thek-o’'means-TMSE is not so efficient in  where the parametefsand O, are called a dispersion pa-

terms of time and memory complexity. Time or memory rameter and a modal order, respectively.
complexity in N and K is linear, and these are efficient. Unfortunately, this original Borda Count method cannot
However, complexity in terms of* is quadratic, and fur-  be applied to incomplete orders. To cope with incomplete
ther, the constant factor is rather large due to the calculationorders, we must show the facts known in the order statistics
of the inverse function of a normal distribution. Due to this literature. First, we assume that there is hidden complete or-
inefficiency, this algorithm cannot be used.if is large. To derO; which is randomly generated. A sample ordgre
overcome this inefficiency, we propose a new method in the Cy, is generated by selecting objects from tiSuniformly
next section. at random. That is to say, from a universal object’sé&t L,



objects are sampled without replacement; th@njs gen- O(L*(L*!/L;!)). Therefore, we adopi,, and it empiri-
erated by sorting these objects so as to be concordant wittcally performed well, as is shown later. Furthermore, if all
Oj. Now we are giverO, generated through this process. sample orders are completé, is compatible with equa-
In this case, the complete ord@j;, follows the distribution: tion (15). Note that we also tried

~ ~ 2
Ll if OF : d(0,0;) (r(Ok,z;) — E[r}|0:])",
Pr{O:[0;] = {L*! if Oy andO; are concordant, (11) w;{ J J

0  otherwise.
) _ but empirically, it performed poorly.
Based on the theory of order statics from a without-  The time complexity of &-0’means-EBC is

replacement sample [1, section 3.7], if an objecis con- B B
tained inX;, the conditional expectation of ranks of the ob- O(K max(NLlog(L), L*log L*)), (16)

jectz; in the orderO;, givenO; is whereL is the mean of_; over S. First, in step 3 of Fig-

L* + _ ure 1, theK central orders are derived. For each cluster,
=TT if z; € Xi, (12)  O((N/K)L) time is required for the means of expected
ranks andO(L* log L*) time for sorting objects. Hence,
where the expectation is calculated over all possible com-the total time required for derivingd central orders is
plete ordersOj, andr; = r(Oj,z;). If an objectz; is  O(max(NL, KL*log L*)). Second, in step 4NV orders
not contained inX;, the object is at any rank in the hidden are classified intd( clusters. Becausg log(L) time is re-
complete order uniformly at random; thus, an expectation quired for calculating one dissimilarity)(N L log(L)K)

E[rj|0i]

of ranks is time is required in total. The number of iterations is con-
1 stant. Consequently, the total complexity becomes Equa-
E[rj|0i] = 5(L7 +1), if z; ¢ Xi. (13)  tion (16).
Note that the uniformity assumption of missing objects
Next, we turn to the case where a set of ord€lig,con-  mjght look too strong. However, in the case of a question-

sists of orders independently generated through the abovg,5ire survey by ranking methods, the objects to be ranked
process. Eact); € Cy is first converted to a set of all com- by respondents can be controlled by surveyors.

plete orders; thus, the total number of complete orders is ~ pyrther, if all the sample orders are first converted into
L*!|Cy|. For each complete order, we assign weights that the expected rank vector&[r:|0y], ..., E[r%. |0i]), then
follow equation (11). By the Borda Count method, an op- 4 griginalk-means algorithm is applied to these vectors.
timal central order for these weighted complete orders cangpe might suppose that thismeans is equivalent to our
be calculated. The mean rankof (equation (9)) for these  ._y'means-EBC, but this is not the casekAneans is dif-

weighted complete orders is ferent from thisk-o0’'means-EBC in terms of the derivation

1 of centers; In thék-means case, the mean vectors of the
— * * . .
E[r;] “ic > > Pr(0}]0ir(0, ) expected ranks are directly used as cluster centerskin a
0i€Ck O;eS(L*) o’means case, these means are sorted and converted to rank
1 B0 14 values. Therefore, in thé-means case, the centers that
“lc AN correspond to the same central orders are simultaneously
ﬁoz; [rj10:] (14) d to th tral ord It |
i €Ck

kept during clustering. For example, two mean rank vectors

where S(L*)? is a set of all complete orders. A central (1.2,1.5,4.0) and(1,5,10), correspond to the same central
order is derived by sorting objects € X¢, in ascending o_rderasl = xo > 3, but thes_e two vectors are not dlfferen-
order of the corresponding[7,]. Since objects are sorted tiated. On the other hand, in/ao'means-EBC algorithm,
according to the means of expectation of ranks, we call thisthey are considered as equivalent, and thus we suppose that
method arExpected Borda Count(EBC). the k-0’'means-EBC algorithm can find the cluster structure
A central order derived by an EBC method is optimal if reflecting the ordinal similarities among data.
the distancel(O;, O;) is measured by
B 4 Experiments on Artificial Data
Y Pr0;|0ids(05, On). (15)

0 eS(L") We applied the algorithms in Section 3 to two types of
data: artificially generated data and real questionnaire sur-
vey data. In the the former experiment, we examined the
characteristics of each algorithm. In the latter experiment
of the next section, we analyzed a questionnaire survey data
2S(L*) is equivalent to a permutation group of ordet on preferences in sushi.

Hence, in step 4 of Figure 1, nat,, but this equa-
tion (15) should be used. However, it is intractable to com-
pute equation (15), because its computational complexity is




4.1 Evaluation Criteria .
Table 1. Parameters of experimental data

The evaluation criteria for partitions was as follows. The 1) the number of sample order®" = 1000
same object set was divided into two different partitions: 2) the length of the orderd:; = 10
a true partitionT™ and an estimated orfe To measure the  3) the total number of objectd:* = 10, 100

difference ofr from 7*, we adopted theatio of information 4) the number of clusterss’ = {2,5, 10}
loss(RIL) [12], which is also called the uncertainty coeffi-  5) the inter-cluster isolation{0.5,0.2,0.1,0.001}
cientin numerical taxonomy literature. The RIL is the ratio 6) the intra-cluster cohesio1.0,0.999, 0.99, 0.9}
of the information that is not acquired to the total informa-
tion required for estimating a correct partition. This crite-
rion is defined based on the contingency table for indicator of clusters. It is difficult to partition if this number is large,
functions [8]. The indicator functiod((x,, ), ) is 1 if since the sizes of the clusters then decre®seam 5 was
an object pair(z,, z;) are in the same cluster; otherwise, the inter-cluster isolation that could be tuned by the num-
itis 0. The contingency table is 2 x 2 matrix consisting  ber of times that objects are exchanged in the first step of
of elementsq,,, that are the number of object pairs satisfy- the data generation process. This isolation is measured by
ing the condition/ ((z4, xp), 7*)=s and I((xq, zp), 7)=t, the probability that the between a pivot and another cen-
among all the possible object pairs. RIL is defined as tral order is smaller than that between a pivot and a random
X . order. The larger the isolation, the more easily clusters are
D50 2teo <t 10gy Z; separatedParam 6 was the the intra-cluster cohesion indi-

RIL = Zi:o Lo Jog, O ’ (17) cating the number of times that objects are exchanged in the
B second step of the data generation process. This cohesion is
wherea.; = Y, ast, as. = Y, a5, anda.. = >, as. measured by the probability that thaebetween the central
The range of the RIL if0, 1]; it becomed) if two parfitions order and a sample one is larger than that between the cen-
are identical. tral order and a random one. The larger the cohesion, the
more easily a cluster could be detected.
4.2 Data Generation Process For each setting, we generatdil sample sets. For each

sample set, we ran the algorithms five times using different

Test data were generated in the following two steps: In i_nitial partitions; then the best partition in terms of Equa-
the first step, we generated theorders to be used as cen- tion (8) was selected. Below, we show the means of RIL
tral orders. One permutation (we called iigot) consisting ~ ©Ver these sets.
of all objects inX* was generated. The oth&r— 1 centers
were generated by transforming this pivot. Two adjacent 4.3 Complete Order Case
objects in the pivot were randomly selected and exchanged.

This exchange was repeated at specified times. By changing We analyzed the characteristics of the methods in Sec-
the number of exchanges, the inter-cluster isolation could betion 3 by applying these to artificial data of complete orders.
controlled. The two k-0’'means methods were abbreviatedTHISE

In the second step, for each cluster, constituent ordersandEBC, respectively. Additionally, a group average hier-
were generated. From the central ordey,objects were  archical clustering method using dissimilarity as described
randomly selected. These objects were sorted so as to bén Section 2.1 was tested, and we denoted this result by
concordant with the central order. Again, two adjacent ob- AVE. The experimental results on artificial data of complete
ject pairs were randomly exchanged. By changing the num-orders (i.eL* = 10) are shown in Figure 2. In Figures 2(a),
ber of times that objects were exchanged, the intra-cluster(b), and (c), the means of RIL are shown in case&of
cohesion could be controlled. Note that the sizes of clusters2, 5, and10, respectively. The upper three charts show the
are equal. variation of RIL in the inter-cluster isolation when the intra-

The parameters of the data generator are summarized ircluster cohesion is fixed 10.999. The lower three charts
Table 1. The differences between orders cannot be statisshow the variation of RIL in the intra-cluster cohesion when
tically tested if L, is too short; on the other respondents the inter-cluster isolation is fixed 2.
cannot sort too many objects. Therefore, we set the order As expected, the more inappropriate clusters were ob-
length toL; = 10. Param 1-2 are common for all the data. tained when the inter-cluster isolation or the intra-cluster
The total number of object$aram 3) is set to10 or 100. cohesion decreased and the number of clusters increased.
All the sample orders are completelif = 10, and these  We begin with the variation of estimation performance ac-
are examined in Section 4.3. We examine the incompletecording to the decrease of intra-cluster cohesion. If the
case {* = 100) in Section 4.4.Param 4 was the number  cohesion isl, sample orders are exactly concordant with
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Figure 2. Experimental results on artificial data of complete orders

NOTE: The upper charts show the variation of RIL in the inter-cluster isolation when the intra-cluster cohesion is(fi%66 td he lower charts show the
variation of RIL in the intra-cluster cohesion when the inter-cluster isolation is fixédto

their corresponding true central orders. In this trivial case, paringEBC andTMSE, these two methods are almost com-
the AVE method succeeds almost perfectly in recovering pletely the same.

the embedded cluster structure. Because the dissimilari-

ties between sample orders @ and only if they are in

the same cluster, this method could lead to perfect clus:ters.4'4 Incomplete Order Case
Though both theeEBC and TMSE methods found almost

perfect clusters in thé=2 case, the performance gradu-  we move to the experiments on artificial data of incom-
ally worsened wheri increased. In &-o'means cluster-  plete orders (i.e* = 100). The results are shown in Fig-
ing, a central order is chosen from the finite s8(L*).  ure 3. The meanings of the charts are the same as in Fig-

This is contrasted to the fact that a domain of centers is anyre 2.

infinite set in the clustering of real value vectors. Hence,  1pMsE was slightly better thaEBC when K = 2 and
the central orders of two clusters happen to agree, and ong,- _ 5 cases: buEBC overcameTMSE when K —

of these clusters is diminished during execution of khe 10. AVE was clearly the worst. We suppose that this
ofmeans. AS Fhe increase éf, cIu;ters are merged with advantage of theé:-o'means is due to the fact that the
higher probability. For example, in tHeBC case, when isqimilarities between order pairs could not be measured

K =2andK = 5, clusters are merged im0 and35% precisely if the number of objects commonly included in
of the trials, respectively. Such occurrence of merging de- nase two orders is few. Furthermore, the time complex-

grades the ability of recovering clusters. As the cohesion ity of AVE is O(N2log N), while the k-o'means algo-
increases, the performanceA¥E became more dre_lst|cally rithms are computationally more inexpensive as in Equa-
worse than the olther tyvo methods. Furthermore, in terms Oftion (16). When comparingMSE andEBC, TMSE would

the inter-cluster isolation, the performance/dfE became |, slightly better. However, in terms of time complexity,

drastically worse a®’ increased, except for the trivial case Tyigg'’s O(NL* max(L*, K)) is much worse thaEBC’s
in which the cohesion was. In the AVE method, the de- O(K max(NL log(L) L*,logL*) if L* is large. In ad-

termination to merge clusters is based on local information, dition, while the required memory foFMSE is O(L*2)
that is, a pair of clusters. Hence, the chance that ordersegc gemands far les§(K L*). Therefore, it is reasonable

belonging to different clusters would happen to be merged, onclude that-o'means-EBC is an efficient and effec-
increases when orders are broadly distributed. When com+; e method for clustering orders
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Figure 3. Experimental results on artificial data of incomplete orders
NOTE: See note in Figure 2.

5 Experiments on Real Data
Table 2. Relations between clusters and at-
tributes of objects

We applied our twdk-0'means to questionnaire survey

data, and proposed a method to interpret the acquired clus- Attribute Cluster 1 Cluster 2

ters of orders. EBC TMSE EBC TMSE
Al 0.0999 0.0349 0.3656 0.2634
A2 —0.5662 —0.7852 | —0.4228 —0.6840
A3 —0.0012 —0.0724 | —0.4965 —0.6403

5.1 Data Sets A4 | 01241 —0.4555 | —0.1435 —0.5838

Since the notion of true clusters is meaningless for real 5.2 Qualitative Analysis of Order Clusters
data sets, we used tlieo’means as tools for exploratory
analysis of a questionnaire survey of preference in sushi (a In[11], we proposed a technigue to interpret the acquired
Japanese food). This data set was collected by the proceelusters based on the relation between attributes of objects
dure in our previous works [10, 11]. In this data s&t,= and central orders. We applied this method to clusters de-
5000, L; = 10, andL* = 100; in the survey, the probabil- rived by theEBC and TMSE methods. Table 2 shows
ity distribution of sampling objects was not uniform as in Spearman’s between central orders of each cluster and an
equation (11). We designed it so that the more frequently order of objects sorted according to the specific object at-
supplied sushi in restaurants were more frequently showntributes. For example, the third row presents pHeetween
to respondents. Objects were selected independently withthe central order and the sorted object sequence according
probabilities ranging fron8.2% to 0.13%. Therefore, the  to their price. Based on these correlations, we were able to
assumption of the uniformity of the sampling distribution, learn what kind of object attributes affected the preferences
introduced by thé&eBC method, was violated. The best re- of the respondents in each cluster. We will comment next
sult in terms of Equation (8) ware selected from 10 trials. on each of the object attributes.
The number of clustergy, was set t@. Note that responses Almost the same observations were obtained by both
of both authors were clustered into Cluster 1. EBC and TMSE. The attribute A1 shows whether the ob-



ject tasted heavy (i.e., high in fat) or light (i.e., low in clusters. We can say that the respondents in cluster 2 pre-
fat). The positive correlation indicate a preference for heavy ferred rather oily sushi, especially blue fish, clam/shell, or
testing. The cluster 2 respondents preferred heavy-tastindiver. The sushi marked b are very economical. Though
sushi. The attribute A2 shows how frequently the respon- these sushi were fairly ranked up in cluster 1, this would not
dent eats the sushi. The positive correlation indicates a prefindicate a preference for economical sushi. These would be
erence for the sushi that the respondent infrequently eatsranked up because these respondents had sushi that they dis-
Respondents in both clusters preferred the sushi they usuliked more than these inexpensive types of sushi. Therefore,
ally eat. No clear difference was observed between clus-to interpret the acquired cluster of orders, not only should
ters. The attribute A3 is the prices of the objects. The posi- the values of equation (18) be observed, but also the kind of
tive correlation indicates a preference for economical sushi.objects that were ranked up or ranked down.

The cluster 2 respondents preferred more expensive sushi.

The attribute A4 shows how frequently the objects are sup-g  Conclusions

plied at sushi shops. The positive correlation indicates a
preference for the objects that fewer shops supply. Though
the correlation of cluster 1 was rather larger, the difference
was not very clear. Roughly speaking, the members of clus-
ter 2 preferred more heavy-tasting and expensive sushi tha
those of cluster 1.

In this paper, we propose a new technique based on th
changes in object ranks. First, a central order of all the sam-
ple orders was calculated, and was denotedby Next,
for each cluster, the central orders were also calculated, an
were denoted by),. Then, for each object; in X*, the
difference of ranks,

We developed a new algorithm for clustering orders
called thek-o’means-EBC method. This algorithm is far
more efficient in computation and memory usage than
'Y'means-TMSE. Therefore, this new algorithm can be ap-
6plied even if the number of objects’ is large. In the exper-
iments on artificial data, ouk-o’'means outperformed the
traditional hierarchical clustering. For artificial data, the

rediction ability ofk-o’means-TMSE is almost equal to
hat ofk-0’means-EBC. Therefore, by taking computational
cost into account, it could be concluded thatthe'means-
EBC method was superior to theo’means-TMSE for clus-

rankup(z;) = r(0%, ;) — (O, ;), (18) tering orders. Agditiona!ly, we advocated the method to in-
' ' terpret the acquired ordinal clusters.
was derived. We say that, is ranked up ifrankup(z;) s~ We plan to improve this method in the following ways.

positive, and that it is ranked downiifinkup(z;) is nega- During clustering orders, undesired merges of clusters more
tive. If the objectz; was ranked up, it was ranked higher frequently occur than in clustering of real value vectors. To
in cluster cente);, than in the entire centegd*. By ob- overcome this defect, it is necessary to improve the initial
serving the sushi whose the absolute valueswokup(z;) clusters. For applying ordinal clustering to DNA microar-
were large, we investigated the characteristics of each clusfay data, the curse of dimensionality must be solved. We
ter. Table 3 list the most 10 ranked up and the most 10Want to develop a dimension reduction technique for orders
ranked down sushi in clusters derived by’means-EBC. like PCA. In the case of an Euclidean space, there are many
That is to say, we show the objects whesekup(z;) were points far from one_point. However, in a case of aspace of
the 1st to 10th largest, and were the 1st to 10th smallestorders (a permutation group), the order most distant from
The upper half of the tables shows the ranked up sushi, and®ne order is unique, i.e., the reverse order. Therefore, there
the bottom half shows the ranked down sushi. In the top are biases for central orders to become exact reversals of
row labeled “#”, the sizes of the clusters are listed. Sushi themselves. We also would like to lessen this bias.

names that we were not able to translate into English Wereacknowledgments: This work is supported by the grants-

written using their original Japanese namesiafics. Just i 5iq 14658106 and 16700157 of the Japan society for the
to the right of each sushi name, thenkup(z;) values are promotion of science.

shown.

We interpreted this table qualitatively. In this table, the
mark & indicates objects whose internal organs, such as
liver or sweetbread, are eaten. The sushi marke@ laye _ o
so-calledblue fish and those marked b§ are clams or (1] B. C. Arnold, N. Balakrishnan, and H. N. Nagarafa First
shells. These sushi were rather substantial and oily, as re- .. COUrse in Order Statisticslohn Wiley & Sons, Inc., 1992.

. [2] L. K. Branting and P. S. Broos. Automated acquisition of
vealed in the Al row of Table 2. However, we could not user preferencelnt’l Journal of Human-Computer Studies
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Table 3. The top 10 ranked up and the worst 10 ranked down sushi

Cluster 1 Cluster 2
# 2313 2687
1 eggée +74 ark shell® +63
2 cucumber rold +62 crab liverédy +39
3 fermented bean roé +38 turban shel® +26
4 octopus +36 sea bass +23
5 deep-fried toful +33 abaloné? +22
6 saladd +29 tsubushell +16
7 pickled plum & perilla leaf rolke +28 angler liverd +16
8 fermented bead +26 sea urchid +15
9 perilla leaf rollde +24 clam® +13
10 raw beef +21 hardtaip +13
91 flying fish$ -10 chili cod roe rolld -15
92 young yellowtaik> -12 pickled plum rolide -15
93 battera -13 shrimp -17
94 sea bass -14 tuna reld -19
95 amberjack> -37 eggd -19
96 hardtaik> -41 salad rolide -27
97 fluke fin -46 deep-fried tofée -30
98 abaloné? -63 saladk -32
99 sea urchimd -84 octopus -57
100 salmon roe -85 squid -82

NOTE: Sushi in each cluster derived byo'means-EBC were sorted in descending orderaofkup(z ;)
(Equation (18)). In top row labeled “#”, the sizes of clusters were listed. The upper half of the tables show
the ranked up sushi, and the bottom half show the ranked down sushi. Just to the right of each sushi name,
therankup(z;) values are shown.
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